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Abstract 

We propose superfield equations in tensorial A/"-extended superspaces to describe 
the Af = 2, 4, 8 supersymmetric generalizations of free conformal higher spin theo- 
ries. These can be obtained by quantizing a superparticle model in A/"-extended ten- 
sorial superspace. The AA-extended higher spin supermultiplets just contain scalar 
and 'spinor' fields in tensorial space so that, in contrast with the standard (su- 
perspace approach, no nontrivial generalizations of the Maxwell or Einstein equa- 
tions to tensorial space appear when M > 2. For N = 4, 8, the higher spin-tensorial 
components of the extended tensorial superfields are expressed through additional 
scalar and spinor fields in tensorial space which obey the same free higher spin 
equations, but that are axion-like in the sense that they possess Peccei-Quinn-like 
symmetries. 

1 Introduction 

It is known p],[2j[3llIJ[5j[6l[7J[8] that the D = 4 free conformal higher spin equations can 
be formulated as a field theory on a ten-dimensional tensorial space, E^ 10 ' ), parametrized 
by 10 bosonic coordinates (x m ,y mn ), 

X^ = X^ = ^x m ^ + ^y mn ^ n a, = 1,2, 3, 4, m,n = 0,1, 2, 3. (1.1) 

and in J\f — 1 tensorial superspace E( 10 l 4 ) with coordinates (X a P,0 a ). 

The bosonic tensorial space ( II. ip was proposed as a natural basis to build D=4 con- 
formal higher spin theories in pQ. More general tensorial spaces of dimension are 
introduced by means of a symmetric nx n coordinates matrix X al3 (a, (3 = l,...,n) 
which, for even n = 4,8, 16, determine tensorial enlargements of the standard spacetimes 
of dimension D=4,6,10 (D = | + 2). Adding n fermionic coordinates 6 a one obtains the 

f -i I n ( T1 + l) I \ 

N = 1 tensorial superspaces S l 2 \ n > ) 

( "(M-i) i n ) M , a/3 a , ( a, (3 — 1, ...,n, , v 



^w(ti-|-1)| \ 

rigid tensorial superspaces X 1 - 2 ' n) nave a supergroup structure. Taking n even is not 
a restriction if we think of the underlying spinorial origin of the a indices; furthermore 
this motivates also the restriction to n = 2 k = 2, 4, 8, 16, ... assuming that 9 a are spinors. 
Although the fermionic coordinates in X^ 2 ' n ' are usually assumed to be real, in the 
n = 4, D = 4 case it is convenient to consider 9 a as a Majorana spinor in the Weyl 
realization of the Dirac matrices so that 9 a = [9 , 9^) ■ 

For n = 2 the spin-tensorial coordinates X a/3 are expressed in terms of the 3-vector 
spacetime coordinates, X a " oc x 11 ^ 15 so that X (3|2) is just the standard D = 3, N = 1 
superspace. The case n = 32 gives the tensorial extension of D=ll superspace £( 528 l 32 ) ; 
relevant in the context of the BPS preon hypothesis [9j [10] and also in the analysis of 
the hidden gauge structure of .0=11 supergravity [TTJ 112] . In this paper we shall restrict 
ourselves to the n=4,8,16 cases that are used to describe massless conformal higher spin 
theories in D = 4,6,10. Almost all our equations (all but those in Sec. 4.2.1) will be 
valid for all these dimensions, although we shall make special emphasis on the n = 4 case 
corresponding to D — 4. 

The first mechanical model in Af—1, D=A tensorial superspace X^ 10 ' 4 ) and in its higher 

/n(ri + l) I \ 

dimensional generalizations X 1 - 2 \ n > with n > 4 was proposed in |13j . where it was no- 
ticed that the ground state of such a superparticle model describes BPS states preserving 
all but one supersymmetry. The possible 'constituent' role of such states in string/M- 
theory was introduced and discussed in general in [9], where they were called 'BPS preons' 
(see further [10J ) . Thus, from this viewpoint, the superparticle in [T3] may be called 'pre- 
onic'. Its quantization was performed in [2], where it was shown that the spectrum of the 
quantized n = 4 preonic superparticle is given by a tower of massless conformal higher 
spin fields of all possible helicities and where evidence in favor that the n = 8 and n = 16 
models describe conformal higher spin theories in D = 6 and D = 10 spacetimes was 
presented. 

An elegant form of the bosonic and fermionic higher spin equations in X^ 10 ' ) tensorial 
space was given and studied in [31 H]. The explicit form of the conformal higher spin 
equations in D = 6, 10 tensorial spaces was extracted from the their tensorial space 
version in [8]. The superfield form of the equations for the supermultiplets of D = 6, 10 
massless conformal fields in the J\f = 1 tensorial superspaces S^ 36 ' 8 ) and X^ 126 ' 16 \ 

r a,p = 1, 16, 

D — 10 S( 126 l 16 ) : Z M := (X a ? , 9 a ) , <^ X af} = ±x m a^ + ^T2/ mi - W5 ^... ms , 

lm = 0, 1,...9 

(1.3) 

was given in [7]. In particular, the M = 1 supermultiplets of -D=4,6,10 conformal higher 
spin fields are described by real scalar superfields on the corresponding n=4,8,16 X^ ( 2 ' ' n ) 
superspaces, 

n 

$(x a^ 7) = fe(x) + /q(x) Q a + Qi ... ai (X) 9 011 ■ ■ ■ 9 ai , (1.4) 

i=2 

obeying the following simple superfield equation [7J 

D [a D^(X 1 9) = 0. (1.5) 

Here, 

d d 
Da= d9^ + i9Pdpa ' Dafi = Qafi := dX^ ' (L6) 



are the covariant derivatives on the rigid tensorial superspace ( ? '' n ^ that satisfy 

{D a ,D fi } = 2id a$ (1.7) 

which, we note in passing, exhibits the central extension structure of the superalgebras of 
tensorial superspaces [3] (see further [TB]). 

The tensorial superspace higher spin equations with A^-extended supersymmetry, how- 
ever, have not been studied yeto In this paper we fill this gap by presenting the free 7V=2, 
Af=4 and A/"=8 supersymmetric conformal higher spin equations in A/"-extended tenso- 
rial superspaces £ l a |7Vri - ) . In particular, we show that the N = 2 supermultiplets of 
D = 4, 6 and 10 conformal higher spin equations are described by scalar, chiral superfields 
(&(X a P, © 7 , O 7 ) in J\f = 2 tensorial superspace £( a 2n ), which obey the following set 
of linear superfield equations 

V a $ = , Z> [a Z>/j]$ = , (1.8) 

where 

V a = -^ + i® P dp a = -(V a )\ V* = dap := , (1.9) 

are the covariant derivatives on the the rigid Af=2 extended superspace £*- ( t ) \ 2n \ which 
obey the superalgebra 

{V a ,V f} } = 0, {V a , Vp} = 2id a /3 , {T> a ,V } = O. (1.10) 

The superfield equations in extended tensorial superspaces with even M > 2 are given by 
a straightforward generalization of ( 11. 8p (Eqs. (I3.22p . ( I3.23|) in Sec. 3). 

We also present the extended supersymmetric M > 1 generalization of the preonic 
superparticle model of [2] and show how the above superfield equations can be obtained 
by quantizing the E 1 - ™) superparticle model for even J\f > 2. 

Although our superfield equations make sense for general even M and n, we elaborate 
in detail the M = 2,4,8 cases which, when n — 4, correspond to the supermultiplets of 
D = 4 massless conformal higher spin theories with a clear standard 'lower spin' field 
theory counterparts. These are the hypermultiplet for M = 2, the supersymmetric Yang- 
Mills supermultiplet for M = 4, and the maximal supergravity multiplet for M = 8, 
the linearized versions of which can be described by scalar superfields in the standard 
extended D = 4 superspaces SM 4 -^) with J\f = 2, 4, 8. 

One of the reasons of our interest in AAextended supersymmetric systems of higher 
spin theories comes from the observation that AAextended supersymmetry with M = 
4 unifies the scalar and vector gauge fields. On the other hand, all the higher spin 
equations have been formulated in terms of scalar and spinor fields in tensorial space, 
so that the study of A^-extended supersymmetries might prove convenient in a search 
for a sensible generalization of Maxwell and Einstein equations in tensorial superspace. 

^ee [16] as well as |17) and refs. therein for the description of supersymmetric free higher spin 
equations in standard superspace and |18l 119] for the superfield form of Vasiliev's interacting higher spin 
equations [201 123 H2| in the usual simple and extended superspaces. 
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Indeed, at some point our study of the superfield equations in Af = 4 tensorial superspace 
E^ 4 ' 16 ) produces a tensorial space counterpart of the Maxwell equations. However, a 
careful analysis shows that the corresponding (spin-) tensorial fields can be expressed as 
derivatives of other scalar fields in tensorial superspace so that, for instance, the bosonic 
fields of Af = 4 conformal higher spin multiplet are actually given by two complex scalar 
fields in tensorial space, and <fi. Similarly, when studying the superfield equations in 
Af = 8 tensorial superspace S^ 4 ' 32 \ although the tensorial space generalizations of the 
conformal (super)gravity equations do appear at an intermediate stage, it will turn out 
that they reduce to the scalar (and spinor) field equations in the tensorial space form first 
presented by Vasiliev [3] . Roughly speaking one can state that the increasing of Af results 
just in multiplication of the scalar and spinor fields. 

However, at Af = 4 a new phenomenon does occur. As the new scalar field appears in 
the theory only through a 'Maxwell-like' field, which is to say under the action of bosonic 
derivatives d a p, the (free higher spin Af = 4) theory becomes invariant under constant 
shifts of this bosonic field which makes it similar to the axion (for which such a symmetry 
is called Peccei-Queen [23] symmetrj{§). For the Af = 8 multiplet reformulated in terms 
of scalar and spinor fields, the Peccei-Queen symmetry becomes more complicated for 
the scalars and is also present for spinor fields entering the model under the action of 
derivative in the combination simulating the structure of the Rarita-Schwinger fields. 

The plan of this paper is as follows. After discussing in Sec. [2] the 2 1-^") super- 
particle model and the structure of its constraints, we sketch its quantization in Sec. [3] 
(using the Af = 1 results of [2J to simplify the discussion) and find our superfield equa- 
tions, Eqs. (I3.22p and ( I3.23p . as the condition obeyed by the superparticle wavefunction 
in the tensorial superspace coordinate representation. In Sec. 4 we study the field content 
of our superfield equations, which are valid for arbitrary even Af and n (with n — 4, 8, 16 
corresponding to D — 4, 6, 10 free massless conformal higher spin theories) for the par- 
ticular cases of Af = 2, 4, 8. In particular, we show in Sec. 14.11 (where the analysis is not 
restricted to n = 4) that the Af = 2 supermultiplets D = 4, 6 and 10 of conformal higher 
spin fields described by complex scalar and complex spinor (s-vector) fields obeying the 
Vasiliev's tensorial space higher spin equations are encoded in the chiral scalar superfield 
$(AT Q ^, 7 , 7 ) on Af = 2 tensorial superspace £( 2 2n ) which obeys the set of linear 
superfield equations ( 11. 8ft . In Sec. ( 14. 2p we study the superfield equations (13.22}) and 
( I3.23P in Af = 4 tensorial superspace, find a tensorial superspace counterpart of D = 4 
Maxwell equation and show that its general solution is expressed through the scalar field 
obeying the tensorial space higher-spin equation of usual type. We also show there that 
this new scalar field is defined up to a constant shift which resembles the Peccei-Quinn 
transformation of the axion. Sec. 14.31 analyzes the field content of the complex super- 
field obeying a Af = 8 version of Eqs. (13. 22 p . ( I3.23P and presents the more complicated 
Peccei-Quinn-like symmetry characteristic of the Af = 8 massless conformal free higher 
spin theories. Some comments on possible extensions of this work are made in Sec. |5j 



2 As far as in type IIB string theory and supergravity the axion appears as a member of the family 
of the RR gauge fields, its Peccei-Queen symmetry can be considered as a counterpart of the gauge 
symmetries characteristic of higher RR gauge potentials. 
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2 Superparticle in A^-extended tensorial superspace 

2.1 An action for the £( ( 2 + ] \-^ n ) superparticle 

The superparticle action in ' 2 ) ' A ^ ?1 - ) has the form 

S = JdrC = J dr[k^{r)~ie a \r)^{T)}\ a {T)\,{r) , | J'f ^'^'j^ (2-1) 

where the A a (r) are auxiliary commuting spinor variables, X a/3 (r) = X^ a (r) and 9 aI (r) 
are the bosonic and fermionic coordinate functions that define the superparticle worldline 
W l e z m (t) = (X a/3 (r) , § aI (r)), and the dot denotes derivative with 

respect to proper time r; due to the time derivative, the term 9 aI (t)O 131 (t) is also (a -H- (3)- 
symmetric. 

It is convenient to write the action ( 12. ip in the form 



ir 



S = I n^A a (r)A^(r) , (2.2) 

where 



n«0( r ) = drflf (r) = dr(l a/3 - ifae® 1 ) , | ' -'jj.' (2.3) 

is the pull-back to W 1 of the vielbein n a/3 of the flat AA-extended tensorial superspace 
2 1-^") (the bosonic Maurer-Cartan one-form on the TS a l-^ n ) supergroup mani- 
fold), namely 

n a/3 = _ ^/(aflflJ ? ( 2 .4) 

by the map : IV 1 -> st 1 ^!^™) (0*(II a/? ) = fl^r)). 

The superparticle action is manifestly invariant under the supertranslations on the 
rigid ./V-extended tensorial superspace £( a l-^") , 

5 a X a ? = a a P , 5 a /a = O, (2.5) 
5 e X aP = i9^ a e p)I , 8 e d Ia = e pi , (2.6) 

which act on the worldline fields as 

6 a X^(r) = , 5j Ia = ; 5 a \ a = . (2.7) 
5 e Xrt = i§i(<*e0)i , S e 9 Ia = e? 1 ; 5 e X a = . (2.8) 

The action (12. ip is also manifestly invariant under the GL(n,M.) transformations of the 
a, (3 = 1, n indices, which reduce to the n-dimensional representation of Spin(l, D — 1) 
when these indices are thought of as Lorentz-spinorial oneqj. 



3 In [21 2] the counterparts of X a were called 's-vectors' to avoid their immediate identification as 
GL(n, M) vectors or 5*0(1, D — 1) spinors. 
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2.2 Symplectic supertwistor form of the action 



Actually, the 2 + l-^") superparticle action (12.1 j) is invariant under the larger OSp(Af\2n) 
supergroup. To make this manifest as well as to determine easily the number of physical 
degrees of freedom it is convenient to use Leibniz's rul^l to rewrite the action (12.11) in the 
form 

S= [ (\ a d f i a - f i a d\ a -id X I X I )= [ dT^ n T Q . (2.9) 
Jw 1 Jw 1 

This action is written in terms of the bosonic spinor X a (r), which is present in (I2.ip . a 
second bosonic spinor fi a and Af real fermionic variables x 1 ] these form the AA-extended, 
{2n + AT)-dimensional orthosymplectic supertwistor (see [131 [2] an d also [H] for Af = 1) 



T s = A Q , a = l,...,n, I = 1, . . . ,Af . (2.10) 




This generalizes the Penrose twistors [21] (or conformal SU(2, 2) spinors) and the Ferber- 
Schirafuji supertwistors [25], [26] (carrying the basic representation of D=4 SU(Af\2,2)). 
The T s 's carry the defining representation of the OSp(Af\2n) supergroup (see in this 
context [131 [2J [H] for Af = 1), the transformations of which preserve the (2n+Af) x (2n + 
Af) orthosymplectic 'metric' 

o sj 

-5 a p I , a = l,...,n, 1 = 1,..., AT (2.11) 








In fact, OSp(l\2n) may be considered as a supersymmetric generalization of the super- 
conformal group for D = | + 2 (see [271 [131 EEl EH] and refs. therein). 

The relations between the supertwistor components and the variables of the action 
(12. ip that make the transition between both actions are 

/i Q = X^Xp - -t'x 1 , x 1 = aI X a , (2.12) 

which generalize the Penrose and the Ferber-Shirafuji incidence relations [SUES [26] (see 
[T5] and [21 [H] for Af = 1). Since the action (12.91) does not possess any gauge symmetries, 
the components of the orthosymplectic supertwistors are the true, physical degrees of 
freedom (2n bosonic and Af fermionic) of our generalized superparticle model. 



2.3 Gauge symmetries 

By construction, the actions (12.91) and (12.11) describe the same dynamical system. Thus, 
since the action (12. ip depends on ra(w 2 +1 ^ + n bosonic variables and Afn fermionic ones, 
it should possess n(n — l)/2 bosonic gauge symmetries and Af (n — 1) fermionic ones to 
reduce the number of degrees of freedom to those of the supertwistors T E appearing in 
the action (12. 9p . The simplest way to describe these gauge symmetries, called fermionic 

4 It is sufficient to use XaXpdX"^ = \ a d(\pX a P) — \ a X a P d\p; no integration by parts is needed. 
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K-symmetry and bosonic 6-symmetry, is to define restrictions on the basic variations of 
the bosonic and fermionic coordinate functions (see [21 [TJ] for the M = 1 case) 



5 K X a ? = iSjP^d® 1 , 
8 h X afS X n = 



6j aI X a = 

sJ Ia x n = 



5 K X a 



5bX a 



o, 

= . 



(2.13) 
(2.14) 



2.4 Constraints and their conversion to first class 

In the hamiltonian formalism, the 5 K and 5b gauge symmetries in Eqs. (I2.13p . (I2.14p are 
generated by first class constraints which may be extracted from the following bosonic 
and fermionic primary constraints of the model (12.1 j) 

d aI := n aI + iP afS e pi ^ , (2.15) 
V a p := P aj 3 - X a Xf3 « , P Q ( A ^0, (2.16) 

where 

F aP ■= > P a •= 77^ > 7T Q/ .= — , (2.17) 

2 5Xa p dX 59 a 

are the canonical momenta conjugated to the coordinate functions and to the auxiliary 
bosonic spinor (s- vector). Using the canonical Poisson brackets 

[X^,P af} ]p B = -[P a p,X^} PB = 6 a %^ , iXp,P a ^] PB = -[P a ^,Xp] PB = 5/(2.18) 
K > &}pb = {& , vtJpb = -8 J , (2.19) 

it follows that the nonvanishing Poisson brackets of the above constraints are 

{dai, dpj} PB = -2iP aP 8u , [Vap, P jW ]pb = -2X (a 8tf . (2.20) 

These clearly indicate that the primary constraints above are a mixture of first and second 
class constraints. Rather than separating them, we use below the so-called 'conversion 
procedure' (see [2] for references), by which a pair of degrees of freedom is added to each 
pair of second class constraints to modify Eqs. f)2.20p in such a way that they form a closed 
algebra. In this way, these modified constraints become first class ones generating gauge 
symmetries in the enlarged phase space. In it, all the constraints of the model are first 
class and account as well for the original second class constraints. These can be recovered 
by gauge fixing the additional gauge symmetries/first class constraints of the system in 
the enlarged phase space. For the M = 1 version of (2.1) this was done in [2]. 

As the bosonic sector of all the superparticle models is the same irrespective of A/", we 
may use the results of [2] for M = 1 and state that the conversion in the bosonic sector 
is effectively reduced to ignoring the constraints P a ^ in the analysis. An easy way 
to see that this is indeed consistent is to observe that, as far as X a ^ (0, 0) (the usual 
configuration space restriction for twistor-like variables), the second brackets in (12.201) 
show that P a ( A ) = is a good gauge fixing condition for n of n(n+l)/2 gauge symmetries 
generated by the constraints V a R. 
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To perform the conversion in the fermionic sector, we introduce the M fermionic 
variables x 1 an d postulate for them the Clifford-type Poisson brackets 

{x I ,X J }pb = -2i5 ij . (2.21) 

These x 1 are then used to modify the fermionic constraints to D a j = d a i + ix 1 A Q . Thus, 
after conversion, the superparticle model ( 12. ID is described by the following set of first 
class constraints 

:= n aI + iP a p9 pi + ix 1 K « , V aP := P a p - \ a \p « , (2.22) 

which obey the superalgebra of the rigid supersymmetry of TV-extended tensorial super- 
space 2 \ Jsln > in Eq. ( ll.lOp . namely 

{B aI ,Bpj} PB = -2iV a0 5 u , [V a p, D 7/ ] PB = , [Pa/3,7V]p£ = 0. (2.23) 



/ fi(n+l) I « r \ 

3 Quantization of the superparticle in 2 l 7Vn ^ with 
even J\f and conformal higher spin equations 

Quantizing the model in its orthosymplectic-twistorial formulation (12 .9p is straightfor- 
ward. The canonical hamiltonian is equal to zero and thus the Schrodinger equation 
simply states that the wavefunction is independent of r. Following a procedure similar to 
that in [2] one can show that, in the n = 4 tensorial space corresponding to D — 4, the 
wavefunction of the bosonic limit of the superparticle model (12. 9p describes the solution 
of the free higher spin equations. This means that it can be written in terms of an infinite 
tower of left and right chiral fields 4>a 1 ...a 2s (Pv) an d 4>A\ a 2s G°m) f° r a ^ half-integer values 
of s with Pf+p! 1 = 0. 

Let jV > 1 and even (as it will be henceforth). Quantization d la Dirac of a dynamical 
system with first class constraints requires imposing them as equations to be satisfied by 
its wavefunction. In the case of our superparticle model (12. 1 p this wavefunction can be 
chosen to depend on the coordinates of ./V-extended tensorial superspace (X a/3 = X 130 , 
aI ), on the bosonic spinor (s- vector) variable A a and on a half of the fermionic variables 
X 1 as far as they are, by ( 12. 21 f) . their own momenta. The separation of a half of the 
real x 1 coordinates can be achieved by introducing complex^ variables rf, (r] q )* = fj q , 
q = 1, . . . , AT/2, so that X ' = (x q , X M/2+q ) = ({v q + - V 9 )), 

V q = ~ \ , V Q = ^—^ , {f} q ,rf} PB = -i5/. (3.1) 

Then, the wavefunction superfield in the coordinates representation depends only on rf, 

]AJ = ]AJ(X af} ,6 a ;X a ;r] q ) , (3.2) 
the various momenta are given by the differential operators 

P«p = -id a p, n aI = -i-^, V q = ^, (3-3) 



5 A separation in pairs of conjugate constraints is used in the Gupta-Bleuler method of quantizing 
systems with second class constraints as the massive superparticle [291 130] . 
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and the Poisson brackets become quantum commutators or anticommutators ([ , }pg4 
, }; we take H — 1). The quantum constraints operators, to be denoted by the same 
symbol (although having in mind D a/ ^ -iO^f"*"" 1 , pdassical ^ _ iV quantum^ arg then 

D a/ -=^7 + id*^ 1 - X 7 A a , (3.4) 

: = da/3 ~ , (3.5) 

and have to be imposed on the wavefunction (13.21) . 

For even A/", it is convenient to introduce complex Grassmann coordinates and complex 
Grassmann derivatives, 

q = 1, . . . ,A/"/2, and conjugate pairs of fermionic constraints 

V Qq := D ag + iD a(9+ ^/ 2 ) = d aq + 2id a/3 QP - 2A a ^— =: £> ag - 2A a ^ , (3.7) 



i®a( q+ Af/2) = dj + 2id a pO? q - 2\ a rf =: V a q - 2\ a i] q . (3.8) 



Since {V aqi V P a\ = Aid^d? , the above V aq , V a 9 and the bosonic constraint (13. 5j) deter- 
mine the superalgebra given by the only nonzero bracket 

{V aq ,V p }=4tV^5 p q . (3.9) 

This shows that it is sufficient to impose on the super wavefunction (13.21) the fermionic 
constraints, 

V aq W := V aq W - 2X a ^-W = , (3.10) 

V p a W :=f>lW -2\ a r] q W = , (3.11) 

since the mass-shell-like bosonic constraint, 

V afS W := {d aP - i\ a \fs)W = , (3.12) 

will follow as a consistency condition for (I3.10p . (13.111) . 

Decomposing the superwavefunction in a finite power series in the complex Grassmann 
variable r) q , 

w(x, e«, Q q , a, r?) = w (0 \x, e«, e„ a) + ^ ^ 9fe • • -v qi wgljx, e q , e q , a) , (3.13) 

k=l 



we find that Eqs. flSTTUj) . flSTTTj) imply 

^XS /2 = > ( 3 - 14 ) 



JS aq VV A/\ a VV q , ... , LJ aq V\> qi ...q k ^ A a vv qqi ...q k ) 
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and 



mwwm =M\ a wl N/2 - l) 5 q ,. (3.15) 

Eqs. ( I3.14p show that all the superfields Wq^,. qk can be constructed from fermionic deriva- 
tives of the superfield W <y0 \X, Q q , g , A) which is chiral as a consequence of the first 
equation in (13. 15ft . 

V akqk . . . V nqx W® = 2 k X ai . . . K k W^_ qk , ^^ (0) = • (3.16) 

Then, the wavefunction W is completely characterized by the chiral superfield W^(X, Q q , Q g , A). 
As a consequence of (13 . 1 2j) . obeys 

V a (sW {0) := (d^ - i\ a \p)W^ = , (3.17) 

which is solved by a planewave in tensorial space, 

W m {X, Q q , Q q , A) = W(X, Q q , G q ) exp{iX a XpX aP } . (3.18) 

Then, the chirality of and the first equation in (I3.14p . which now implies d aq W^ oc 
X a , show that the general solution for the superparticle wavefunction is determined by 
the following chiral plane wave superfield 

w i0 \x, e 9 , e q , a) = w(x , e 9 A) exp{i\ a x p (x + 2ze p eg Q/3 } , (3.19) 

where Q q X = Q aq X a and 

w(X , 9*A) = w(°\X) + y( XQqk ) ■ • ■ ( A0?1 ) <LS X ) ■ ( 3 - 20 ) 

k=l 

We refer to j2] for a discussion on how the arbitrary function w^°\X a ) with a = 1, 2, 3, 4 
encodes all the solutions of the massless higher spin equations in D = 4 and to (2j |8] for 
the D = 6, 10 cases. The key point is that X a carries the degrees of freedom of a light-like 
momentum (A7 a A is light-like in .0=4, 6, 10 which corresponds to n=4,8,16) plus those of 
spin. The d.o.f. of X a and those of the lightlike momenta are encoded, both up to a 
scale factor, in the coordinates of the compact manifolds S 1 ™ -1 = S 2D ~ 5 and = S D ~ 2 , 
respectively. The spheres^] S"^ -1 are related to helicity in the n = 4, D = 4 case and to 
its multidimensional generalizations for D = 6, 10 [21 [8]. 

To obtain a superfield on tensorial superspace describing massless conformal higher 
spin theories with extended supersymmetry, the wavefunction ( 13. 1 9[) has to be integrated 
over K n — {0} ~ S n_1 x]R + , parametrized by X a , with an appropriate measure that we 
denote by d n X, 

$(x,e q ,e q ) = J d n xw (0 \x,e q ,e q ,x) = J d n Xw(x , e q x)e iXaX ? {x+2ieP ®^ . (3.21) 



6 The 'celestial spheres' S D ~ 2 are the bases S 2 ^ 8 of the Hopf fibrations S 2D - 5 -> S°- 2 (S n - 1 S%) 
of S 3 ' 7 ' 15 , (n,D)=(4,4), (8,6), (16,10). The fibres S D - 3 = S 1 * 3 * 7 of these bundles correspond to the 
complex, quaternion and octonion numbers of unit modulus. The remaining n—2, D—3 case corresponds 
to the first of the four Hopf fibrations, S 1 — > MP 1 ; its fibre is determined by the reals of unit modulus, 
Z2 , and there are no extra coordinates. 
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One can easily check that the superfield $ is chiral 

vmx,e g ',e pf ) = o (3.22) 

and satisfies the equation 

V q[ pV l]p $(X,Qi\Q p ,) = 0. (3.23) 

These are the superfield equations for the wavefunction of the superparticle in A^-extended 
tensorial superspace for even Af. 

4 From the superfield to the component form of the 
higher spin equations in tensorial space 

4.1 N = 2 

When Af = 2, Eqs. f l3T22|) and f l3T23|) coincide with Eqs. (US]). It is easy to check that 
Eq. (I3.23P with Af = 2 implies the vanishing of all the components of the 'chiral' superfield 
$(X, 6, 0) = $(X + 2iO ■ 9, 9), except the first two, 

$(x,e,e>) = (j)(x L ) + iQ a *{j Q (x L ) , xf = x afi + 2*e (Q e /3) = x{ a , (4.i) 

where X% is the analogue of the bosonic coordinates for the chiral basis of standard 
D = 4 superspace. The above components are the complex bosonic scalar and the complex 
fermionic spinor fields obeying the free higher spin equations in tensorial space form [3], 

d ah d s]l3( t>(X) = , d a[ ^ } (X) = . (4.2) 

Let us recall that the Af = 1 supermultiplet contains a real bosonic scalar and a real 
fermionic spinor field that obey the same equations (14.21) . Hence, the Af = 2 supermulti- 
plet of the conformal fields in tensorial superspace is given by the complexification of the 
Af = 1 supermultiplet. 

Clearly, the above results are n-independent and thus, besides n — 4, they are also 
valid for the n = 8 and n — 16 cases corresponding to the D = 6 and D = 10 multiplets 
of massless conformal higher spin fields. 

4.2 N = 4 

In contrast with the Af = 2 case, spin-tensorial components are present when Af > 2. For 
Af = 4, the general solution of the superfield equations (I3.22j) and (13.231) is given by 

$(X, 6", Q q ) = <f>{X L ) + iQ a y aq (X L ) + e pq Q a ^ p ^{X L ) , (4.3) 

Xf = X afS + 2i<d q{a Q^ , q = 1, 2 , (4.4) 

where, again, the complex scalar and spinor fields obey the standard higher spin equations 
in their tensorial superspace form, 

d a[l d&]p(()(X) = , d a [/3ip^] q (X) = , (4.5) 
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while the complex symmetric bi-spinor (or 's-tensor' [3]) J 7 ^ = J-@ a satisfies the tensorial 
counterpart of the D = 4 Maxwell equations (when these are written in spinorial notation 
[21], see also below), 

d^Fs^X) = , 7 af3 = 7fi a . (4.6) 

However, one can easily show that the general solution of Eq. ( I4.6P is expressed through 
a new complex scalar superfield 4>{X) satisfying the bosonic tensorial space equation in 

= d Q ^(X) , (4.7) 
d ah d 5] ^(X) = . (4.8) 



4.2.1 n = 4,L> = 4 

To prove this when n = 4 (a, (3 = 1,2,3,4), we begin by decomposing the complex 
symmetric GL(A) tensor = T$ a in 2 x 2 blocks, thus keeping only the GL{2, C) 
manifest symmetry, 

n = 4: 7 afi =(^ B ^ AB ) , ,4,5 = 1,2, A,B = 1,2. (4.9) 

V BA AB J 

Let us first notice that the block components of Eq. (14.61) which contain the antisymmetric 
tensors (encoded in the symmetric spin-tensors Fab and F AB ) only, 

9a [B Fo\d = , d^Fqz = , (4.10) 

are equivalent to the Maxwell equations for the complex selfdual field F ab = \e a bcdF cd oc 
Vab CD F C D i.e., they imply d a F ab = and d [a F bc] = 0. 

Consider now the components of Eq. (14.61) which contain the complex vector V AB = 
cr a AB V a only, namely 

d A[B Vc\D = , d B[A V D]c = (4.11) 

and 

d A[B V c]D = , d A[B V c]D = . (4.12) 

Eqs. (14.111) imply d[ a V b ] = and d a V a = 0. The first is solved by V a = d a (f) and the 
second implies that the scalar field <fi obeys the Klein-Gordon equation <9 a <9 a = 0. In the 
spin-tensor notation these read 

v ab = d AB$ , d A[B d c] D (t> = • (4.13) 

Next, the components of Eq. (14.61) which contain both vector and antisymmetric tensor 
components, d AB FcD — 9acVdb = an d ^ab^cd ~ ^cd^ab = 0; can be written in the 
form 

d AB (F CD -d CD & = 0, d AB (F cb -d 6i) $) = 0, (4.14) 
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the only covariant solution of which is given by 

F C d = d CD 4> , F CD = d CD . (4.15) 

Keeping in mind the Maxwell equations (I4.10p . one finds that the scalar field <p(X) satis- 
fies, besides the Klein-Gordon equation in (I4.13p . also the remaining components of Eq. 

(SD, 

d A [Bd C ]D^ = , d A[ ^d d]t) 4> = . (4.16) 

4.2.2 Proof for arbitrary n 

We now prove that Eqs. (14. 7ft . (14. 8p provide the general solution of the Maxwell-like 
equation in tensorial space, Eq. (14. 6p . for any n. The Fourier transform of Eq. (14. 6p is 

PafrF6\p(p) = • (4.17) 

The solution of this equation is nontrivial iff the matrix of the generalized momentum 
has rank one, this is to say when p a p = \ a \p for arbitrary X a ^ (0, 0) or, equivalently, 
when this matrix obeys p a [jPs]p = 0. The general solution is characterized by J-'ap(X) = 
A Q A/30(A) and can be equivalently written in the form J- a p{p) = Pap4>{p) if Pa[iPs\p4>{p) — 
of Eqs. (14. 6p . As far as set of equations 

Fafiip) = Pa0<f>(p) , Pa[~tPS]l34>(p) = (4.18) 

provide the Fourier transforms of Eqs. (14. 7ft . (14. 8\\ . these describe the general solution. 

4.2.3 Peccei-Quinn-like symmetry 

Thus, the M = 4 higher spin supermultiplet actually contains two complex scalar fields 
and two Dirac spinor fields in tensorial space, <f>(X), tj)\{X) : ^(X), <j>(X), which satisfy 
the free bosonic and fermionic higher spin equations, Eqs. (14. 5ft . (14. 8ft . They appear in 
the on-shell scalar superfield decomposition as 

$(X, G 9 , e q ) = 0(X L ) + iQ a ^ aq {X L ) + e pq Q a ^d a ^(X L ) , q,p = 1, 2 . (4.19) 

However, as the second complex scalar field (f) enters the original superfield with a deriva- 
tive, its zero mode is not fixed. In other words, this scalar is axion-like: it possesses the 
Peccei-Quinn-like symmetry 

<p(X) ^ 4>(X) + const . (4.20) 

4.3 M = 8 

For higher M > 4 the general solution of the set of superfield equations f !3.22j) and (I3.23j) 
is given by 

N/2 

$(x, e«, e,) = 4>{x L ) + ie a ^ ag (x L ) + £ -o a ^ . . . e ai ^ ai ... ak qi ... qk {x L ) , (4.21) 

k=2 

r ai ...a k q ,... qk {x L ) = F iai ...* k) [gi ... qk] (x L ) , xf = x a ? + 2ie«<«e? , q = 1, 4 , (4.22) 

7 More formally, the solution of this equation is given by a distribution with support on the subspace 
of tensorial momentum space defined by the condition p a \^ps\p — 0, so that <fi{p) oc &{jp a hP5\[))- 
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where 4>(Xl) and ip aq {Xi) obey the standard higher spin equations (14. 2 p while the higher 
components satisfy 

da[yF&}P2-Pk qi...q k (X L ) = , T ai ...a q = F( ai ...a q ) ■ (4.23) 

For instance, for M = 8 the superfield solution of the higher spin equations (13.221) and 
(13T231 reads 

$(x, e", eg = 4>(x L ) + iQ aq ^ aq {x L ) + l -Q aM2 Q aiq ^ aia2 qiq2 (x L ) + 

+l^ q2qw ® a4q4 ■ ■ ■ ® aiQl F^...a,{X L ) . (4.24) 

Its two lowest components obey Eqs. (14.21) . while its higher order nonvanishing field com- 
ponents satisfy Eqs. (14.231) . 

d ab F s] p qiq2 (X)=0, (4.25) 
d a[ ^ SW3 g (X) = 0, (4.26) 

dafrFsiPrfaPiiX) = ' ( 4 - 27 ) 

It is tempting to identify (14.261) with the tensorial space generalization of the Rarita- 
Scwinger equations and Eq. (I4.27P with that of the linearized conformal gravity equation 
imposed on Weyl tensor. However, similarly to the M = 2 case in Sec. I4.1[ it is possible to 
show that the general solutions of Eqs. (I4.25p . (14.261) and (I4.27P are expressed in terms of 
a sextuplet of scalar fields <p qiq2 (X) = (t>[ qiq2 \(X) , a quadruplet of spinorial fields ip^ 3 and 
a singlet of scalar field <fi(X) obeying the standard tensorial space fermionic and bosonic 
higher spin equations (14.21) . 

Fafiq^iX) = d a p(j) qiq2 (X) , (4.28) 
< Q2Q3 W = <<*M 3 {X) , (4-29) 
= d aia2 d a3a4 (j)(X) . (4.30) 

Summarizing, the M = 8 supermultiplet of free higher spin fields is described by a set 
of two scalar fields, a sextuplet of scalar fields, a spinor field and a quadruplet of spinorial 
fields, all in tensorial superspace, which obey the usual type free higher spin equations 

d a hdqp<t>(X) = , d a[ ^](X) = 0, 

dafrdsip&qpiX) = , 

d a[ ^f(X) = , d^d^X) = . (4.31) 

Thus, we conclude that, in tensorial superspace, at least all the free field dynamics is 
carried by the scalar and spinor fields. However, the 'higher' scalar and spinor fields 
appear in the basic superfield under the action of one or two derivatives and, hence, the 
model is invariant under the following generalized bosonic and fermionic Peccei-Quinn-like 
symmetries 

4> qp {X) ' y <p qp 
0(X) h- 0(X) + a + X Q/ V/3 , (4.32) 
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with constant bosonic parameters a qp = —a pq} a, a a p and constant fermionic parameter 
f3 a q . Note that the non-constant shift in 4>(X) is allowed by the presence of two derivatives 
in Eq. (TOO]) . 

5 Conclusion and discussion 

In this paper we have obtained the superfield equations in Af = 2,4 and 8 extended 
tensorial superspaces J^ 10 '-^ 4 ), which describe the supermultiplets of the D = 4 mass- 
less conformal free higher spin field theory with AA-extended supersymmetry. Actually 
our results are valid for 2 \^ n ) with arbitrary n and hence for other Z)'s; we have 
elaborated the cases for Af = 2, 4, 8 since for n = 4 these have clear 'lower spin' D = 4 
counterparts (e.g. SYM for Af = 4, supergravity for Af = 8) 

The Af = 2 supermultiplet of massless conformal higher spin equations is simply given 
by the complexification of the Af = 1 supermultiplet. For Af = 4, 8 the AAextended super- 
fields contain higher components carrying symmetric tensor representations of GL(n,M) 
that satisfy first order equations in tensorial superspace. It is tempting to identify these 
equations with a tensorial superspace generalization of the Maxwell equations and, in 
the Af = 8 case, also with the Rarita-Schwinger and linearized conformal gravity equa- 
tions. However, the general solutions of these equations are expressed through scalar and 
spinor fields in tensorial space which obey the standard higher spin equations in their 
tensorial space version. As these additional scalar and spinor fields of the A/"-extended 
supermultiplets appear in the basic superfield under derivatives, the theory is invariant 
under Peccei-Quinn-like symmetries shifting these fields. 

The superfield equations (I3.22p and (I3.23P were found for even Af. It would be in- 
teresting to consider as well the case of extended tensorial superspaces with odd Af > 1 
and to look for any specific properties of the AAextended supermultiplets of the massless 
conformal higher spin fields for Af odd. 

Another possible direction for future study is to generalize the construction presented 
here to the OSp(Af\2n) supergroup manifolds, which provide [U El ESI E] the AdS gen- 
eralization of the tensorial (super) spaces, and to compare the results with the free field 

limit of dung. 
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